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We propose a scheme for using an unmodulated and unmeasured spin-chain as a channel for short 
distance quantum communications. The state to be transmitted is placed on one spin of the chain 
and received later on a distant spin with some fidelity. We first obtain simple expressions for the 
fidelity of quantum state transfer and the amount of entanglement sharable between any two sites 
of an arbitrary Heisenberg ferromagnet using our scheme. We then apply this to the realizable case 
of an open ended chain with nearest neighbor interactions. The fidelity of quantum state transfer is 
obtained as an inverse discrete cosine transform and as a Bessel function series. We find that in a 
reasonable time, a qubit can be directly transmitted with better than classical fidelity across the full 
length of chains of up to 80 spins. Moreover, the spin-chain channel allows distillable entanglement 
to be shared over arbitrarily large distances. 



Transmitting a quantum state (known or unknown) 
from one place to another is often an important task Q . 
It is required, for example, to link several small quantum 
processors for large-scale quantum computing. Thus it 
is very important to have physical systems which can 
serve as channels for quantum communication. We can 
either directly transmit a state through the channel, or 
we can first use the channel to share entanglement with 
a separated party and then use this entanglement for 
teleportation The ideal channel for long distance 
quantum communications is an optical fiber. This re- 
quires interfacing a quantum computer (such as arrays of 
spins or ions) with optics. For short distance communica- 
tions (say between adjacent quantum processors), alter- 
natives to interfacing different kinds of physical systems 
are highly desirable and have been proposed, for exam- 
ple, for ion traps In this letter, I propose a scheme 
to use a spin chain (a ID magnet - real or simulated) 
as a channel for short distance quantum communication. 
The communication is achieved by placing a spin encod- 
ing the state at one end of the chain and waiting for a 
specific amount of time to let this state propagate to the 
other end (as shown in Fig^a)). This helps to avoid 
interfacing because both quantum computers and quan- 
tum channels can then be made by the same physical 
systems. Moreover, neither does the spin chain channel 
require the ability to switch interactions "on" and "off' 
(often a problem in quantum computer implementations 
[3, 01 ) , nor does it require any modulation by external 
fields (essential for quantum computation). This sim- 
plicity in comparison to a quantum computer makes it 
an ideal connector between quantum computers and re- 
alizable well before a quantum computer. 

I will first present the scheme in a general setting for 
arbitrary graphs of spins with ferromagnetic Heisenberg 
interactions and later proceed to the realizable case of an 
open ended chain. Consider the general graph shown in 
Fig^b), where the vertices are spins and the edges con- 
nect spins which interact. Say there are N spins in the 
graph and these are numbered 1, 2, TV. The Hamilto- 
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FIG. 1: The part (a) of the figure shows our quantum commu- 
nication protocol. Initially the spin chain is in its ground state 
in an external magnetic field. Alice and Bob are at opposite 
ends of the chain. Alice places the quantum state she wants 
to communicate on the spin nearest to her. After a while, 
Bob receives this state with some fidelity on the spin nearest 
to him. Part (b) shows an arbitrary graph of spins through 
which quantum communications may be accomplished using 
our protocol. The communication takes place from the sender 
spin s to the receiver spin r. 



nian is given by 
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Hg = - 5] a'.a^ -^B.cr:. (1) 

<i.,j> 1=1 

(?' = [al.,(jy,(j\) in which cr*^j^^^ are the Pauh matrices 
for the ith spin, Bi > are static magnetic fields and 
Jij > are coupling strengths, and < i,j > represents 
pairs of spins. Hg describes an arbitrary ferromagnet 
with isotropic Heisenberg interactions. We now assume 
that the state sender Alice is located closest to the sth 
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(sender) spin and the state receiver Bob is located clos- 
est to the rth [receiver) spin (these spins are shown in 
Fig^b)). All the other spins will be called channel spins. 
It is also assumed that the sender and receiver spins are 
detachable from the chain. In order to transfer an un- 
known state to Bob, Alice replaces the existing sender 
spin with a spin encoding the state to be transferred. 
After waiting for a specific amount of time, the unknown 
state placed by Alice travels to the receiver spin with 
some fidelity. Bob then picks up the receiver spin to ob- 
tain a state close to the the state Alice wanted to transfer. 
As we never require individual access or individual mod- 
ulation of the channel spins in our protocol, they can be 
constituents of rigid ID magnets. 

We assume that initially the system is initially cooled 
to its ground state |0) = |000...0) where |0) denotes the 
spin down state (i.e., spin aligned along —z direction) of 
a spin. This is shown for a ID chain in the upper part 
of Fig^a). I will set the ground state energy Eq — 
{i.e., redefine Hg as Eq + Hq) for the rest of this paper. 
We also introduce the class of states |j) = |00...010....0) 
(where j = 1, 2, ..s, ..r, .., N) in which the spin at the 
jth site has been flipped to the |1) state. To start the 
protocol, Alice places a spin in the unknown sta.te\^in) = 
cos(6'/2)|0) + e^"^ sin (61/2) 1 1) at the sth site in the spin 
chain. We can describe the state of the whole chain at 
this instant (time t = 0) as 



|vl'(0))=cos-|0)+e'*sin-|s) 



(2) 



Bob wants to retrieve this state, or a state as close to 
it as possible, from the rth site of the graph. Then he 
has to wait for a specific time till the initial state |5'(0)) 
evolves to a final state which is as close as possible to 
cosflO) -h e*"*sinf |r). As [H.cT.Zi'^i] = 0' the state 
|s) only evolves to states |j) and the evolution of the spin- 
graph (with ?i = 1) is 
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The state of the rth spin will, in general, be a mixed 
state, and can be obtained by tracing off the states of all 
other spins from |'I'(t)). This evolves with time as 

Poutit) - Pmout{t)){lJjout{t)\ + (1 - P(t))|0)(0|, (4) 

with 

l^outit)) = ^^(cos^lO) +e^'^sin^/i^,(t)|l», (5) 



where P{t) ~ cos^ | + 
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(r| exp {— iHcOl^)- Note that f^si^) is just the tran- 
sition amplitude of an excitation (the |1) state) from the 
sth to the rth site of a graph of N spins. 



Now suppose it is decided that Bob will pick up the 
rth spin (and hence complete the communication pro- 
tocol) at a predetermined time t = to. The fidelity 
of quantum communication through the channel aver- 
aged over all pure input states |'0m) in the Bloch- sphere 
((l/47r) J {ilJin\pout{to)\4>in)dil) IS then 



F = 



|/,^,(i0)|cOS7 , \frZit0)\ 



(6) 



where 7 = arg{f^g{to)}. To maximize the above average 
fidelity, we must choose the magnetic fields Bi such that 
7 is a multiple of 2tt. Assuming this special choice of 
magnetic field value (which can always be made for any 
given to) to be a part of our protocol, we can simply 
replace fj^si^o) by |/jv.i(*o)| in Eq.©. The spin chain 
then acts as an amplitude damping quantum channel 0, 
It converts the input state pm = \ipin){ipin\ to Pout = 
MopinMQ + MipinM\ with the operators Mq and Mi 
(Kraus operators Q) given by 
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Now consider the transmission of the state of one 
member of a pair of particles in the entangled state 
^ 7f(|01) + |10>) through the channel. This is 
the usual procedure for sharing entanglement between 
separated parties which precedes telcportation 1]. The 
output state Pout{to) = ^^^^ ^ /® M,|7/'+)(7/>+|/(g)M/ is 



poutito) = ^{{i-\C{to)nmm 

+ (|10) + |/.^,(to)||01))((10| + |/j:;(to)|(01|)} 

The entanglement £ of the above state, as measured by 
the concurrence 6] is given by 



£=\.fr.s{h)\ 



(8) 



Thus, for any non-zero f^s{to) (however small), some 
entanglement can be shared through the channel. This 
entanglement, being that of a 2 x 2 system, can also be 
distilled 7] into pure singlets and used for teleportation. 
Later we will estimate f^s{to) for very long open chains 
and show that entanglement can be distributed to arbi- 
trary distances. 

Eqs.@ and l(Hl are exceptionally simple formulas for 
the fidelity of quantum communications and the entan- 
glement shared through our spin-graph channel in terms 
of single transition amplitude f^g{to). We note here that 
such simple formulas, with slight modifications, will hold 
for spin-graphs with much wider class of interactions, as 
long as the state |0) does not evolve 0. 

We will now consider a linear open ended spin chain 
(Fig^a)), which is the most natural geometry for a chan- 
nel. To use an analytically solvable Hamiltonian Hl we 
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assume Jy = (J/2)5i+i j (nearest neighbor interactions 
of equal strength) and Bi = B (uniform magnetic field) 
for all i and j in Eq.f^l for Hq. The eigenstates of Hl, 
relevant to our problem are 

N 

|m)L ^a^Y. - l)(2j - l)}|j), (9) 

where m — 1,2, ...,7V, ai — 1/Vn and Um^i = \/2/N 
with energy (on setting Eq = 0) given by Em = 2B + 
2J(1 — cos{-^(to — 1)}). In this case, f^si^o) is given by 

N 

/,^.(io) = (N|m)(m|l)e-'^'"*° = IDCTs(vm) (10) 

m— 1 

where, u,„ = cos {2^(771 — l)(2r — l)}e~*"^'"*° and 

IDCTs{Vm) Em=iam"mC0s{2^(TO- l)(2s- 1)} is 

the sth element of the inverse discrete cosine transform 
of the vector {vm}- 

We now want to study the performance of our proto- 
col for various chain lengths N with s = 1 and r ~ N 
(Alice and Bob at opposite ends of the chain as shown 
in Fig^a)). Bob has to wait for different lengths of 
time to for different chain lengths N , in order to ob- 
tain a high fidelity of quantum state transfer. Using 
Eqs.©,© and H1U|) . I have numerically evaluated the 
maximum of |/ivi(^o)| (which corresponds to the max- 
ima of both fidelity and entanglement) for various chain 
lengths from iV = 2 to = 80 when Bob is allowed to 
choose ^0 within a finite (but long) time interval of length 
Tmax = 4000/ J. This evaluation is fast because Ea. lfTUI) 
allows us to use numerical packages for the discrete cosine 
transform. Taking a finite Tmax is physically reasonable, 
as Bob cannot afford to wait indefinitely. It is to be 
understood that within [0,Ttoq2;], the time at which 
optimal quantum communication occurs varies with TV. 
The maximum fidelities as a function of N and the max- 
imum amounts of entanglement sharable (both rounded 
to 3 decimal places) are shown in Fig[21 The correspond- 
ing times ^0 are shown as a logarithmic plot in Fig|31 
Note that the search for is numerical, so its value may 
be any one of several instances of time when the maxima 
of \ i{to)\ (to 3 decimal places) in the range [0,Tmaa;] 
is attained {to is not necessarily the least time at which 
the plotted fidelities are achieved). 

FigEl shows various interesting features of our proto- 
col. The plot also shows that in addition to iV — 2, 
which is perfect (a well known fact for the Heisenberg 
interaction 0), TV = 4 gives perfect (F = 1.000) quan- 
tum state transfer to 3 decimal places and A = 8 gives 
near perfect {F — 0.994). The fidelity also exceeds 0.9 
for N = 7, 10, 11, 13 and 14. TiU A^ = 21 we observe that 
the fidelities are lower when A^ is divisible by 3 in com- 
parison to the fidelities for A-l-1 and A" -1-2. The plot also 
shows that a chain of A^ as high as 80 exceeds the highest 
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FIG. 2; The bar plot shows the maximum fidelity F of 
quantum communication and the curve shows the maxi- 
mum sharable entanglement £ achieved in a time interval 
[0,4000/ J] as a function of the chain length N from 2 to 
80. The time to at which this maxima is achieved varies with 
A^. The straight line at F = 2/3 shows the highest fidelity for 
classical transmission of a quantum state. 
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FIG. 3: The upper part plots a = log^g 2Jto where to is a 
time in the interval ^,Tmax = 4000/J] when the maximum 
fidelities F plotted in fifj^lare achieved. 



fidelity for classical transmission of the state i.e., 2/3 [l3| 
in the time interval probed by us. Of course the above 
results hold only when one is trying to directly transmit 
the quantum state over a distance. If one first shares 
entanglement through the channel, then the amount of 
entanglement £ is about 0.45 for an 80 spin chain. This 
entanglement can be distilled to pure singlets and used 
for perfect teleportation. 

We will now like to estimate the entanglement sharable 
through chains so large that it is difhcult to identify an 
optimal to by numerical search. Hence we will choose 
to according to a fixed (in general, non-optimal) pre- 
scription. To motivate this choice, we expand e~*^™*" 
in Eg. ljlUll as a Bessel function series to obtain 

CO 

f = I E {-^f{JN+Nkm + lj'N+Nkm)l (11) 
k— — oo 
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where po = 2Jto. Using, Jn{N + ^N^/^) « 
(2/Ny/^Ai{-2^/^^) for large TV 0, (where Ai{.) is the 
Airy function) we can prove that we get a maxima of 
JnIPo) at to = {N + 0.8089iVi/3)/2J and at this time 

£ « 2| Jjv(/3o)| « 1.34997V-i/3^ (12) 

which ranges from 0.135 for N — 1000 to 1.35 x 10^"* for 
iV = 10^^ (just 3 orders decrease in £ for an increase in 
length iV by 9 orders - a very efficient way to distribute 
entanglement). Thus for any finite N, however large, the 
chain allows us to distribute entanglement of the order 
7V^i/3 in a time to linear in N. 

As an alternate system, we now consider a ring of 2A^ 
spins with Hamiltonian Hr obtained by using = 
{J/2)6iQij,Bi = B in Eq.(P)(® is summation mod- 
ulo 27V). Alice and Bob access the spins at diamet- 
rically opposite sites {s = 1, r = N + 1). In this 
case, the 2iV eigenstates in the one excitation sector are 
|m)R = {1/V2N) E -fi e^^^^-i^lj) and 

OO 

£ = \IDFTr-siu,n)\^\ ^ (-l)'=Jiv+iVfc(/3o)|, (13) 

k— — oo 

where u„i = exp{—iEmto) and IDFTr-s{um) = 
(l/2A^)E™=iWmexp{i(2V27V)(r - s)(m - 1)} is the 
(r — s)th component of the inverse discrete fourier trans- 
form of the vector {um}- Eas. Hll|l and p3|l . and the 
nature of Bessel functions, imply that the maxima of £ 
coincide for the line and the ring. This means that by 
using a ring you can communicate as efficiently over a 
distance r — s = iV as you can with a open ended line 
over a distance r — s = — 1. An immediate implication 
is that a 4 spin ring allows perfect communication be- 
tween diametrically opposite sites (because a 2 spin line 
does This simple result in quantum information 

was not known till now. The coincidence of the maxima 
also means that the maxima of £ for the line can also be 
computed by inverse fourier transforming {um}- 

We now mention potential systems for realization. 
Josephson junction arrays, excitons in quantum dots and 
real ID magnets, which motivated the recent study of 
quantum computation in Heisenberg chains will be 
good candidates. Interactions in such systems are diffi- 
cult to tune. Our scheme can be implemented in such 
systems without the elaborate control required fo r q uan- 
tum computation. ID arrays of spins in solids [ill 
are also candidates. There are ring molecules described 
exceptionally well by Hr, which also allow local probes 
for individual spins J^] (these are antiferromagnetic, but 
a large B could make |0) the ground, and |m)R the first 
excited states). Benzene molecules (with NMR probes 
possible) with Jy = + + still have 

|m)R as eigenstates 0|. F can thus be calculated by an 
IDFT to be 0.793 for r - s = 3 at to = 130- Principles 



of the scheme should also be testable in simulated open 
ended Heisenberg chains in a ID optical lattice [l^ . 

In this letter, I have presented a protocol for quan- 
tum communication through an unmeasured and unmod- 
ulated spin chain. It allows quantum communication be- 
tween adjacent quantum computers without interfacing 
different physical systems. It is well known that there ex- 
ists an alternate trivial method of transferring quantum 
states perfectly over a distance by a series of swaps. But 
that requires an elaborate sequence of time dependent 
fields. The highly non-trivial finding of this letter is that 
even without doing anything, simply by placement, quan- 
tum states can be transmitted with high fidelity over a 
significant distance and entanglement of the order N~'^/^ 
can be shared across a chain of length N . We also found 
that a 4 spin ring allows perfect quantum communication 
between diametrically opposite sites. This letter can be 
regarded as a study of a fundamental condensed mat- 
ter system (a finite ferromagnet and its excitations) from 
the viewpoint of quantum communications. There re- 
mains an enormous scope for future extensions to spin 
graphs of varied geometry and interactions and to other 
well known condensed matter systems. 
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